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ABSTRACT 

We clarifies the group theoretical structure of = 1 and N = 2 two- 
form supergravity, which is classically equivalent to the Einstein supergrav- 
ity. = 1 and N = 2 two-form supergravity theories can be formulated as 
gauge theories. By introducing two Grassmann variables 6^ {A = 1,2), we 
construct the explicit representations of the generators of the gauge group, 
which makes to express any product of the generators as a linear combination 
of the generators Q'^Q^ = J2k fkQ^- By using the expression and the tensor 
product representation, we explain how to construct finite-dimensional repre- 
sentations of the gauge groups. Based on these representations, we construct 
the Lagrangeans of iV = 1 and N = 2 two-form supergravity theories. 
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1 Introduction 



The Einstein gravity theory might be an effective theory of a more funda- 
mental theory e.g. superstring theory since the action of the Einstein gravity 
is not renormahzable. Two-form gravity theory is known to be classically 
equivalent to the Einstein gravity theory and is obtained from a topological 
field theory, which is called BP theory by imposing constraint condi- 
tions 0. The BP theory has a large local symmety called the Kalb-Ramond 
symmetry Since the Kalb-Ramond symmetry is very stringy symmetry, 
the fundamental gravity theory is expected to be a kind of string theory 
[^]. The extension of the two- form gravity theory to the supergravity theory 
was considered in Ref. 0. Purthermore the supergravity theory which has 
a cosmological term or = 2 supersymmetry was proposed in Ref. |^ and 
the group theoretical structure of these supergravity theory was discussed in 
Ref . . = 1 and N = 2 two-form supergravity theories can be formulated 
as gauge theories. In this paper, we call the gauge algebras as = 1 and 
N = 2 topological superalgebras (TSA), which are the subalgebras of A^ = 1 
and N = 2 Neveu-Schwarz algebaras whose generators are (Lq, L±i, G_^i) and 

(Lo, G^i , Jo), respectively. A^ = 1 topological superalgebra is nothing 

but osp{l,2) algebra. 

In this paper, by introducing two Grassmann variables (yl = 1, 2), we 
construct the explicit representations of the generators Q*, which makes to 
express any product of the generators as a linear combination of the gen- 
erators Q'^Q^ = J^kfkQ''- By using the expression and the direct product 
representation, we explain how to construct finite-dimensional representa- 
tions of the gauge groups. The representation theory makes it possible to 
construct a general action of two-form A^ = 1 and N = 2 supergravity the- 
ories, which is expected to give a clue for the non-perturbative analysis of 
the supergravity. The non-perturbative analysis is also partially given in this 
paper. 

This paper is organized as follows: In section 2, we give the representa- 
tion theories of A^ = 1 and N = 2 topological superalgebra. By using the 
representation, we construct the Lagrangeans of A^ = 1 and N = 2 two-form 
super gravities in section 3. In section 4, we investigate the symmetry of the 
system and consider the non-perturbative effect. The last section is devoted 
to summary. 
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2 The Representaions of = 1 and N = 2 
Topological Superalgebras 

By using two Grassmann (anti-commuting) variables 9^ {A — 1, 2), we define 
the following generators, 



d ^„ nArpa B ^ 

( 



QQA^ A QQB 



i^e*- (1) 

Here 

= \a\^ (2) 

and cr"'s (a = 1, 2, 3) are Pauli matrices. These generators make the following 
algebra, which we call topological superconformal algebra (TSCA) in this 
paper: 

{GA,H^} = Ufl-2T'^/T'' 

[Ga , T"] = T»/ Gb , [T'^ , H^] = T^/ 

[T«, T^] = ie^'^^T^, {Ga, Gb} = {H^, H^} = (3) 

This algebra contains a closed subalgebra, which is found by defining an 
operator Ga' 

Ga = Ga + aeAsH^ (4) 
Here a is a parameter which can be absorbed into the redefinition of the 
operators but we keep a as a free parameter for later convenience. Then Ga 
and make a closed algebra: 

{Ga,Gb} = -^oiTIi,T'^ 

[Ga, T"] = T^/Gb, [T% T''] = it^^'^T^ (5) 
Here T%b is defined by 

= eBcT\'' (6) 

and 

^AB _ _^BA 
^AB = ~fBA 

e'' = e2i = 1 . (7) 
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The algebra is nothing but osp{l,2) algebra which is the subalgebra of 
the Neveu-Schwarz algebra whose generators are Lq, L±i and G^i. In this 
paper, we call this algebra (||) as = 1 topological superalgebra (TSA). As 
we will see later, Ga generates left-handed supersymmetry. 
By defining the following operators, 

J = -^aT^T^ + e^^GAGB 
G\ = Ga 

G\ = Ut'^/{T''Gb + GbT'') , (8) 

we can also construct an algebra, which we call N = 2 topological superal- 
gebra {k, / = 1, 2) 

[J,G\]=iae'^G\, [T^ J] = (9) 

This algebra is the subalgebra of A^ = 2 Neveu-Schwarz algebra whose gen- 
erators are Lq, L±i, gIti and Jq. 

Since all the operators are explicitly given in terms of 9"^ and ^p-, we can 
find that the product of operators is given by a linear combination of the 
operators: 

QkQi ^ ^ki |_2ar^^T'* - EAB i^J + 2aP^ | 
j /I 1 

rparpb _ abcrpc I rab I T J- — P 

2' Ua 2 



1 7 

Gk rpa rjia/^k i rpa B /^k rpa B rik Mrpa B /^l 

j^i -1 Lta + J-a '^b — 2 a '^b 



2^2 

JT" = T^J = -aT" (10) 



JG'X = G\J + iae^^G\ = — aG\ + -iae''^G\ 

2 2 
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Here P is a projection operator 

p2 = P (11) 

defined by 

P = -—e^^GAGB + 2T"r'^ (12) 
2a 

and P acts as unity on the operators 

T^/^k f^ik r) /^k 

ryjTj^ — ^ — ^ A 

prpa P'^P P^ 

PJ= JP = J (13) 

Therefore the invariant trace of the product of the operators can be defined 
by the coefficients of P in Equation (p!0|) : 

ixG^G^ = -2aS''^eAB, trT"T^ = trJ^ = 2a^ 

trG'XT" = trP"G^ = tr JG^ = trG^tr JP" = trPV = (14) 

We express the product law (|l^) of the operators (Q* = P", G\, J and 
P) by 

k 

Especially the expression of the invariant trace (|14|) is given by 

tvQ'Q^ = g^^ ^ (16) 

The representation of = 1 superalgebra is given by a doublet of the rep- 
resentations (^p, p + 1^ in SU (2) {p is an integer or half-integer), which is gen- 
erated by T"" and that of = 2 is given by a quartet [p,p + \ ,P+ + l)- 
representation of = 1 superalgebra is giben by ((j^,P") and 

(^0,0 is given by (J, G^). {J,G\,T"') makes the (o, representation 
of N = 2 superalgebra. 

(^1,|^ and (§5 2^ representations of = 1 superalgebra are given by a 

tensor product, where Ga and P° are replaced by Ga (S) P + P (S) Ga and 
T'^ ^ P + P ® P«: 
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(^1, 1^ reprezentation {Kab,N] 



ABc) 



Kab = -Tlj,{J®T- + T-®J)-i]^tkiG\^®G'j,~^ 
NIbc = T^ab{GI)®T^ + T^®GI)) (17) 

Here [AB ■ ■ ■ X) means a symmetrization with respect to the indeces 
AB---X. 

• (1,2) representation {N\q(j, Mabcd)- 

N\bc = T^ABiG'o^T'^ + T^^G'c)) 
Mabcd = T-^abTcd)T''®T' (18) 

{KabiN\q(j,Mabcd) niakes (^1,|,|,2^ representation of = 2 superalge- 
bra. The commutater of G\ with {Kab, ^asci ^abcd) are given byQ 

[G%, Mabcd] = --^^e(aNbcd) 

{Gd,Kbc} = -8a6'^ Mabcd - te^'eniAKBC) 

[GlKAB] = -Sze'^KBC ■ (19) 

The coefficient of P P in the product of Kab, ^abc ^^"^ Mabcd gives the 
invariant trace 

ItMabCdMa'D'C'D' = 2^A{A'^BB'^CC'^DD') 

^"^^ABC^A'B'C = ^^A(A'^BB>^CC') 

ItKabKa'B' = a^(^A{A'^BB') (20) 

Here {AB ■ ■ ■ F ■ ■ ■ Z) means the symmetrization with respect to the indeces 
AB ■ ■ ■ Z except F. 



1 G\ in Equation (|T|) is understood to he G\® P ^ P ® G\. 
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3 The Lagrangeans of = 1 and N = 2 Two- 
Form Supergravities 

In order to construct the Lagrangean of TV = 1 two-form supergravity theory, 
we introduce the gauge field which is 1^ representation 

A, = ij^GA + uj^T^ (21) 
and define the field strength as follows 

+{d,ul - d^ul + ie'^'^ul^l + 4ar5^V'>.^}r" (22) 

The left-handed supersymmetry transformation law of the gauge fields is 
given by 

^gA^ = [e^GA,d^ + A^] 

= {-d,e^ + n\^ul)GA + ^aTl^e^i,^^T'^ (23) 

We also introduce the two-form field X^j^i, which is representation: 

X,. = X%Ga + S«,T" (24) 

Then the Lagrangean £bf of the so-called BF theory with N — 1 local 
supersymmetry is given by 

£bf = ^^tYR^^Xp^ + MiX^^Xp)^ (25) 

iYR,.X,, = 2«e^BR^;f-5.< + Tg^(V'>"-V'fO}x?. 

+ \{d,u:l - d^^l + ^e'^X^^ + 4ari^^>f }E;, (26) 

trX^^X,, = 2aeABxt.X%^]piJ^% (27) 

Here is a gauge coupling constant and A is a cosmo logical constant. In 
order to obtain N — 1 two-form supergravity theory, we need to introduce 
the multipher field $ which is (§,2^ representation: 

$ = ^^^^Nabc + <I>^''^''Mabcd (28) 
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The Lagrangcan £ of = 1 two-form supergravity is given by adding the 
constraint term to the Lagrangean Cbf- 



C = £bf + e''"''nr$(X^, ® X, 



pa J 



+TXbT^d4>^^^''^.^% (29) 

The Lagrangean of TV = 2 theory is also given by introducing gauge field 
which is (o, |, |, representation 

A, = B,J + + ujlT'^ (30) 

and defining the field strength 

+{dpi^t ^ - 5.^; ^ + n ^(^; ""^u - i^t ""^"^ 
-ie^\B^^[^-B,ij[^)]GA 

+{d,< - duu^l + le'^'-'u^lu^l + AaTl^^l ^i^l ^jT-^ (31) 

The gauge transformation law of the gauge field has the following form: 

5A^ = [aJ + e^^G'^ + ^''T^a^ + yl^] 
= (-a^a-ze^Be^'e^^^;f)J 

+ (-5m^" + «e"'''^H + AaT%Be^^^l^)T'' (32) 
The two-form field in A?" = 2 theory is (^0, |, |, representation 

^M^ = n^.J + x^M + s^.r« (33) 

Then the Lagrangean ol N — 2 BF theory is given by 

£bf = e^'^'f"' [-iiR^^Xp,^ KtrX^^xA (34) 



tri?^,X,, = 2a\d^B,-d,B^-ieABe''%^tljl''}n 



pa 
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tvX,,Xp„ = 2a'U,,U,, + 2aeABxltx'^ + (36) 

The Lagrangean C of N = 2 two-form supergravity theory is given by intro- 
ducing the multipher field which is (^1, |, |, 2^ representation 

$ = X^^Kab + /^'^''^iV^Bc + <I^^''''''Mabcd (37) 
and adding the term which gives the constraint on the two-form field 

C = £BF + e'^"^'^tr$(X^,®X,.) (38) 

tT^x,,(E)Xp^) = a2A^^{_r^^(n^^s;^ + s;:,n,.) + ze^'eAceBDxJ^x;,^} 

+T^^T<^^</>^^^^S;:,Sj^ (39) 



4 The Symmetry of the Lagrangeans 

We now consider the right-handed supersymmetry. The Lagrangeans of the 
= 1 and N = 2 have the following form 

C = e^'^P" |^tri?^,Xp. + MiX^,Xp„ + tr$(X^, ® (40) 

On the other hand the Lagrangeans of the corresponding BF theory have the 
following form 

Cbf = t^"""" \^-ixR^,X,, + AtrX^,X,.| (41) 

The Lagrangean (|4l|) has the large local symmetry which is called Kalb- 
Ramond symmetry. The parameter of the transformation is Q, 1^ rep- 
resentation in = 1 theory and (0, |, |, Ij representation in = 2 theory 
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and the transformation law of the Kalb-Ramond symmetry is given by 

SkrX^, = ^{D^C,-D,C^) (42) 

Here the covariant derivative is defined by 

■ =[d, + A^, ■ ] (43) 
Now we consider the Kalb-Ramond like transformation for the Lagrangean 

m-. 



SkrX^, = \{D^C,-D,C^) (44) 



Here the product i? x S* of two operators R = fijQ'' ® Q"'? which is (^|, 2 
representation in = 1 theory and (^1,|,|,2^ representation in = 2 
theory, and S = Y,i SiQ\ which is (^|, 1^ representation in = 1 theory and 
(^0, |, |, 1^ representation in = 2 theory, is defined by 

RxS = Y.s,r,J^G^ (45) 

ijk 



Here g'^^ is defined in Equation (|16]). The product Rx S is (^|, 2j representa- 
tion in A^ = 1 theory and (^1, |, |, 2^ representation in A^ = 2 theory. Then 
the change of the Lagrangean (^) is given by 

5kr/: = -e>"'P"tiD^^CuT.p^ + total derivative (46) 

This tells that the Lagrangean (^) is invariant if the parameter satisfies 
the equation 

= ^'^^^'^5.®S,.|(|,2)or(l,f,f,2)part- (47) 



Equation (|47|) has non-trivial solutions and the fermionic part of the solu- 
tion corresponds to right-handed supersymmetry 0. The commutator of the 
right-handed supersymmetry transformation and the left-handed one con- 
tains the general coordinate transformation. 
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When a 7^ 0, the parameter a can be absorbed into the redefinition of 
the operators or fields as follows: 



kA 

kA 

ABCD , lABC'D 



a 2-0 



kA 



5, 



,ABC 



^1/ 



a 



ABC 



Then : 
C 



1 Lagrangean has the following form 

rl 



A 



AB 



1\AB 



All/pa 
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B 
pa 



rpa rpb 

'^AB-l-CD' 



vpv pcj 



p,u pa 

and N = 2 Lagrangean the following form 



C 



^p,upa 




+2{dp^t ^ - 







k B a 
p 



pa 



p V 



+A{2n^,np. + 2eABxltx';a 



+A^^{-Tl5(n^.S;, + + ie''eAceBDxf.xfa} 



I rpa rpb iABCD\^a 

^-i- ab-'-cdv 



kDspa _i_ -spa ^kD\ 
pv pa ' puXpa 1 

a y-i6 
pv pa 



(48) 



(49) 



(50) 



The Lagrangeans (^) and (|50D are nothing but the Lagrangeans found in 
Ref.P]. These Lagrangeans are invariant under the following U{1) "symme- 
try" 



kA 



kA 
p 1 



B„ 



B., 
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^ABCD ^^-2^^ABCD^ ^ABC ^ ^-2^ ^ABC ^ ^AB ^ ^-2^ ^AB 

,g^e^g, A ^ e^^^A (51) 
We can also consider a — > theory by redefining the fields as follows 

a a I kA i kA o o 

f aA (A^ = 1) 
^^{a^A iN = 2) (52) 

then = 1 Lagrangean is rewritten by 



B 
pa 



+2AeABxiuX% 

+r^BT^i.'/'''''^''s;,sJ, (53) 

The above Lagrangean with A = was found in Ref.]^. On the other hand 
the N = 2 Lagrangean has the following form: 



C = e 



-^{2{d,B, - d,B, - tCABe'^'i^l ^}n,, 

- duu^l + ^6'^''^a;>^)S^, (54) 

+2m^j{p„ 

+A^^{-r^^(n^,S^, + S;:,n,.) + ^e'^'e^ceBDxJ^Xp^} 

rpa ^ ,kABC ( ^,kD\^a < ^,kD\ 
--^AB^^CDH [Xpu ^pa + ^puXpa ) 

+T1^T^^<^^^^^E^,SJ, (55) 
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The Lagrangeans (|53D and have two kinds of [/(I) "symmetries", one of 
which is given by 



e 



g, A-^e-^^A (56) 



We call the another ^7(1) "symmetry" as U{l)ii "symmetry" since the sym- 
metry corresponding to the scale transformation of the Grassmann number 
9^. The U{l)fi "symmetry" is given by 

ya ya kA p-P^^^^ TT P~'^PT\ 

^ilV ^jJLV^ A^U ^ A/1!/ ) ^^fiu c 11^1^ 

^ABCD^^ABCD^ ^ABC ^ ^ABC ^ ^AB ^ ^2p ^AB 

, ( e'^PA (iV = 1) 
9^9^ ^-^le^^A (iV = 2) ^^^^ 

If we assume the above U{1) symmetries survive in the quantum theory, 
the form of the effective Lagrangean is restricted. If we started from the 
theory which does not has a cosmological term (A = 0), the gauge symme- 
try including the left-handed supersymmetry restricts the form of the terms 
appearing in the effective Lagrangean as g \^R] after integrating the 
multiplier field $ (Here we abbreviated the Lorentz indeces). The U{1) sym- 
metry and Lorentz symmetry give the further restrictions: 

l-m + n = (58) 

m + n = 2 (59) 

i.e., 

/ = 2m - 2 (60) 

It would be natural to assume the theory has the good weak coupling limit 
{g —>■ 0), which gives / > 0. We also assume m > since R contains the 
derivative. Then there does not appear the cosmological term even in the 
quantum theory. The term proportional to R"^ appears only perturbatively. 
Since there does not appear the higher derivative terms perturbatively, the 
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possible terms are {l,m,n) = (0,1,1), (2,2,0). Therefore if the term of 
(/, 'm, n) = (2,2,0) do not appear at the order of g"^, only the term in the 
original Lagrangean i.e., the term of {l,m,n) — (0,1,1) can appear. This 
might tell only that there is no quantum correction and the Einstein theory 
is the unique infrared theory. 

5 Summary 

In this paper, we have considered the group theoretical structure of = 1 
and N — 2 two-form supergravity theories based on A^" = 1 and N — 2 
topological superalgebras (TSA), which are the subalgebras oi N — 1 and 
N = 2 Neveu-Schwarz algebaras whose generators are (Lq, L±i,Gj_i) and 
(Lq, G^i , Jo), respectively. By introducing two Grassmann variables 

9^ {A = 1,2), we have found the explicit representations of the generators 
and we found that any product of the generators is given by a linear 
combination of the generators; Q^Q^ = J2kfkQ''- ^y using the expression 
and the direct product representation, it has been explained how to construct 
finite-dimensional representation of the gauge groups. It is expected that this 
gives a clue for the non-perturbative analysis of the supergravity. 
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